1. Introduction 1.1. We consider a semilinear partial differential equation
where L is an elliptic differential operator of the second order, E is a bounded smooth 1 domain in R d and ψ is a continuously differentiable positive function. Our goal is to describe the set U of all positive solutions of this equation.
We say that an element u of U is moderate if u ≤ h for some h such that Lh = 0 in E. We say that u is σ-moderate if it is the limit of an increasing sequence of moderate solutions. Under mild conditions on ψ, we define for every u ∈ U by its trace on the boundary. This a pair (Γ, ν) where Γ is a subset of ∂E and ν is a σ-finite measure on ∂E \Γ. [A point y belongs to Γ if ψ (u) tends sufficiently fast to infinity as x → y.] In [DK98b] all possible values of the trace were described and a 1-1 correspondence was established between these values and σ-moderate solutions. A natural question arises: Are all the solutions σ-moderate? 2 In the case of the equation ∆u = u 2 in a domain of class C 4 , a positive answer to this question was given by Mselati in [Ms02] . Now we are able to extend this result to a more general equation ∆u = u α with 1 < α ≤ 2. (1.2) To this end, new tools were developed in [Dy03a] , [Dy03b] , [DK03a] , [DK03b] , [Ku03] and [Dy04] . The main probabilistic tool of Mselati is the theory of the Brownian snake due to Le Gall. We replace it by the theory of superdiffusions enhanced by introducing N-measures. (Their analog -the excursion measuresplay a fundamental role in Le Gall's theory.)
1.2. In Section 2 we give an exposition of the trace theory for equation (1.1) developed in [Ku98] and [DK98b] . We postpone till Section 3 the discussion of the connections between the equation (1.1) and superdiffusions. At the beginning they played a crucial role (see [Ku98] ). Later the theory was extended to equations not corresponding to any superdiffusion (including the equation (1.2) with α > 2). In Sections 3-4 we also prepare probabilistic tools for Section 5 where we outline the proof that all solutions of (1.2) are σ-moderate. The concluding Section 6 contains historical and bibliographical notes. 2. Trace theory for equation (1.1) 2.1. Our theory is applicable to an arbitrary continuously differentiable convex function ψ such that ψ(0) = 0, ψ(u) > 0 for u > 0 and the ratio ψ(2u)/ψ(u) is bounded.
3 All results remain true (with ∂E replaced by the Martin boundary) for an arbitrary domain E and, more generally, for any differentiable manifold.
2.2. Moderate and σ-moderate solutions. Our starting point is the representation of positive solutions of the linear equation
establishes a 1-1 correspondence between the set M(∂E) of all finite measures ν on ∂E and the set H of all positive solutions of (2.1). (We call solutions of (2.1) harmonic functions.)
There exists a 1-1 correspondence between the set U 1 of all moderate solutions and a subset H 1 of H: h ∈ H 1 is the minimal harmonic function dominating u ∈ U 1 , and u is the maximal solution dominated by h. We put ν ∈ N 1 if h ν ∈ H 1 . We denote by u ν the element of U corresponding to h ν .
The labeling of moderate solutions by measures ν ∈ N 1 can be extended to σ-moderate solutions by the convention: if ν n ∈ N 1 , ν n ↑ ν and if u νn ↑ u, then we put ν ∈ N 0 and u = u ν .
2.3. Lattice structure in U. We write u ≤ v if u(x) ≤ v(x) for all x ∈ E. This determines a partial order in U. For everyŨ ⊂ U, there exists a unique element u of U with the properties: (a) u ≥ v for every v ∈ U; (b) ifũ ∈ U satisfies (a), then u ≤ũ. We denote this element SupŨ.
For every u, v ∈ U, we put u ⊕ v = Sup W where W is the set of all w ∈ U such that w ≤ u + v. Note that u ⊕ v is moderate if u and v are moderate and it is σ-moderate if so are u and v.
In general, SupŨ does not coincide with the pointwise supremum (the latter does not belong to U). However, both are equal ifŨ is closed under ⊕. Moreover, in this case there exist u n ∈Ũ such that u n (x) ↑ u(x) for all x ∈ E. Therefore, ifŨ is closed under ⊕ and it consists of moderate solutions, then SupŨ is σ-moderate. In particular, to every Borel subset Γ of ∂E there corresponds a σ-moderate solution
We also associate with Γ another solution w Γ . First, we define w K for closed K by the formula
For every Borel subset Γ of ∂E, we put
Proving that u Γ = w Γ was an important part of the program outlined in [Dy02] .
2.4. Singular points of a solution u. We consider classical solutions of (1.1) which are twice continuously differentiable in E. However they can tend to infinity as x → y ∈ ∂E. We say that y is a singular point of u if it is a point of rapid growth of ψ (u). [A special role of ψ (u) is due to the fact that the tangent space to U at point u is described by the equation
The rapid growth of a positive continuous function a(x) can be defined analytically or probabilistically. The analytic definition involves the Poisson kernel k a (x, y) of the operator Lu − au: y ∈ ∂E is a point of rapid growth for a if k a (x, y) = 0 for all x ∈ E. A more transparent probabilistic definition is given in Section 3.
We say that a Borel subset Γ of ∂E is f-closed if Γ contains all singular points of the solution u Γ defined by (2.3).
2.5. Definition and properties of trace. The trace of u ∈ U (which we denote Tr(u)) is defined as a pair (Γ, ν) where Γ is the set of all singular points of u and ν is a measure on ∂E \ Γ given by the formula
We have
and therefore u ν is σ-moderate.
The trace of every solution u has the following properties: 2.5.A. Γ is a Borel f-closed set; ν is a σ-finite measure of class N 0 such that ν(Γ) = 0 and all singular points of u ν belong to Γ.
2.5.B. If Tr
Moreover, u Γ ⊕ u ν is the maximal σ-moderate solution dominated by u.
2.5.C. If (Γ, ν) satisfies the condition 2.5.A, then Tr(u Γ ⊕ u ν ) = (Γ , ν), the symmetric difference between Γ and Γ is not charged by any measure µ ∈ N 1 . Moreover, u Γ ⊕ u ν is the minimal solution with this property and the only one which is σ-moderate. 
Conditional diffusion.
Suppose ξ is a diffusion in a domain E with the transition function p t (x, dy) and let h ∈ H. Then
is the transition function of a continuous Markov process (ξ t ,Π 3.3. Superdiffusion. We denote by M(S) the set of all finite measures and by P(S) the set of all probability measures on a measurable space S. B
where u satisfies the equation
We call the family X = (X D , P µ ) a superdiffusion. [Heuristically, we have here a model of a random evolution of a cloud of particles, and X D is the mass distribution on ∂D if each particle is frozen at the first exit from D.
4 ] The existence of a superdiffusion is proved for a convex class of functions ψ which contains ψ(u) = u α with 1 < α ≤ 2.
Denote by F ⊂D the σ-algebra generated by
The following two properties play an important role in the theory of superdiffusion and its applications.
Markov property. If Y ≥ 0 is F ⊂D -measurable and Z ≥ 0 is F ⊃D -measurable, then
Absolute continuity. For every x 1 , x 2 ∈ D, P x1 is absolutely continuous with respect to P x2 on σ-algebra F ⊃D .
Measures N x .
A new tool -a family of measures N x , x ∈ E (defined on the same space Ω as measures P µ ) was introduced in [DK03b] . Our inspiration was the role played by an analog of these measures in Le Gall's theory of the Brownian snake.
Denote by Z x the class of all function of the form
where O 1 . . . , O n is a finite family of neighborhoods of x and f 1 , . . . , f n ∈ B(R d ). By Theorem 1.1 in [DK03a] , there exists a unique family of measures N x with the properties: for all x ∈ E and for every sequence D n exhausting E.
The equation (3.6) holds for Z = Z 0 + Z u where Z 0 ∈ Z x and Z u = SBV(u) with u ∈ U − . The set U − contains both U and H. If u ∈ U, then
For every domain E, there exists a random closed set R E with the properties: (a) For every open O ⊂ E and for every x ∈ E, the measure X O is concentrated, P x -a.s. and N x -a.s., on R E .
(b) If (a) holds for a random closed set F , then, for every x ∈ E, R E ⊂ F P x -a.s. and N x -a.s.
We call R E the range of X in E and we denote by R the range of X in R d .
Probabilistic representation of solutions. Put

Z ν = SBV(h ν ). (3.9)
If ν ∈ N 1 , then Z ν = SBV(u ν ) and
The solution w Γ can be expressed by the formula
Relations between superdiffusions and conditional diffusions
These relations (established in [Dy03b] ) play a crucial role in the next section.
We have: 
where Φ is defined by (4.4) and
(4.8)
5. All solutions of (1.2) are σ-moderate 5.1. Let u ∈ U and let Tr(u) = (Γ, ν). The proof that u is σ-moderate consists of three parts:
We already stated A as a part of the trace theory covering a general equation (1.1) (see (2.7)). Part B was done by Mselati [Ms02] for the equation ∆u = u 2 . In [Dy03a] it was extended to the equation (1.2) by using the absolute continuity propety [proved in [Dy04] ].
Proof of C can be reduced to proving that w K ≤ Cu K for closed K (see [Ms02] , Propositions 3.0.1 and 3.0.2). To prove the latter bound we use a new inequality for superdiffusions and estimates of w K and u K in terms of the Poisson capacities.
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[Proofs of B and C depend on an estimate (5.1) which, at present time, is established for domains of class C 4 . If (5.1) will be proved for domains of class C 2,λ , then B and C will be automatically extended to these domains.] 5.2. New inequality for superdiffusions. The following result is deduced in [Dy03b] from relations 4.A and 4.B.
Suppose that D ⊂ E are bounded smooth open sets and Λ, L, D * are the sets introduced in 4.B. Let ν be a finite measure on ∂D ∩ ∂E, x ∈ E and E x (ν) < ∞. Then
where C(α) = (α − 1) −1 Γ(α − 1). 
This formula associates a Choquet capacity with every x ∈ E. We also introduce a capacity
where
[Here ρ(x) stands for the distance from x to the boundary ∂E.]
Denote by d(x, K) the distance from x to K and by diam(K) the diameter of K and put
The following relation between Cap and Cap x was proved in [DK03a] : There exists a constant C κ 9 such that, for every closed K ⊂ ∂E,
10 It is proved in [Ku03] that there exists a constant C such that, then, for every K and all x ∈ E,
for all x ∈ E. (5.6) It follows from (5.6) and (5.5) that, for every κ > 0 there exists a constant C κ such that for every compact K ⊂ ∂E and every x ∈ E κ ,
5.5. Lower estimates for u K . By the definition of u K (see (2.3)), u K ≥ u ν for every measure ν ∈ N 1 concentrated on K. Since tν ∈ N 1 for all t > 0, this implies
Formula (3.8) implies that u ∞ν = N x {Z ν = 0}. Following Mselati, we replace this function by a smaller function
where B n (x, K) = {z : |x − z| < nd(x, K)}. The basic inequality (5.1) allows to reduce the estimation of function (5.8) to estimating N x {R ∈ B n (x, K), Z ν }. First, we establish:
There exist constants n and C κ > 0 such that, for every closed subset K of ∂E and for all x ∈ E κ (K) and all ν ∈ P(K) such that E x (ν) < ∞,
For α = 2 this follows from Lemma 3.2.2 in [Ms02] . Mselati's arguments can be modified to cover a more general equation (1.2).
By using (5.1), (5.9) and (5.2), we prove: There exist constants C κ > 0 and n with the property: for every closed K ⊂ ∂E and for every x ∈ E κ (K),
5.6. It follows from (5.7) and (5.10):
There exist constants C κ > 0 and n such that, for every closed K ⊂ ∂E and for every x ∈ E κ (K)
By applying the arguments in [Ms02] (pages 93-95), we get from here that w K ≤ Cu K .
Historical and bibliographical notes
The trace Tr(u) was introduced in [Ku98] and [DK98b] under the name the fine trace. It was suggested to call a version of the trace considered before in the literature the rough trace. (In the monograph [Dy02] the rough trace is treated in Chapter 10 and the fine trace is introduced and studied in Chapter 11.) In the subcritical case 1 < d < α+1 α−1 , the rough trace coincides with the fine trace and it determines a solution of (1.2) uniquely. As it was shown by Le Gall, this is not true in the supercritical case: d ≥ α+1 α−1 . In a pioneering paper [GV91] Gmira and Véron proved that, in the subcritical case, the generalized Dirichlet problem ∆u = u α in E, u = µ on ∂E (6.1) has a unique solution for every finite measure µ. (In our notation, this is u µ .)
A program of investigating U by using a superdiffusion was initiated in [Dy91] . In particular, Dynkin conjectured that, for every 1 < α ≤ 2 and every d, the problem (1.2) has a solution if and only if µ does not charge sets which are not hit by the superdiffusion.
11 [The conjecture was proved, first, in the case α = 2, by Le Gall and then, for all 1 < α ≤ 2, by Dynkin and Kuznetsov .] A classification of all positive solutions of ∆u = u 2 in the unit disk E = {x ∈ R 2 : |x| < 1} was announced by Le Gall in [Le93] . [This is also a subcritical case.] The result was proved and extended to a wide class of smooth planar domains in [Le97] . Instead of a superdiffusion Le Gall used his own invention -a path-valued process called the Brownian snake. He established a 1-1 correspondence between U and pairs (Γ, ν) where Γ is a closed subset of ∂E and ν is a Radon measure on ∂E \ Γ.
Dynkin and Kuznetsov [DK98a] extended Le Gall's results to the equation Lu = u α , 1 < α ≤ 2. They introduced a rough boundary trace for solutions of this equation. They described all possible values of the trace and they represented the maximal solution with a given trace in terms of a superdiffusion.
Marcus and Véron [MV98a] - [MV98b] investigated the rough traces of solutions by purely analytic means. They extended the theory to the case α > 2 and they proved that the rough trace determines a solution uniquely in the subcritical case.
The theory of fine trace developed in [DK98b] provided a classification of all σ-moderate solutions. Mselati's dissertation [Ms02] finalized the classification for the equation ∆u = u 2 by demonstrating that, in this case, all solutions are σ-moderate. The results of [Dy03b] presented in Section 5 extend this conclusion to a more general equation (1.2).
